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^ Abstract 

^ The Dirac monopole on a three-dimensional torus is considered as a solu- 

C^ tion to the Bogomolny equation with non-trivial boundary conditions. The 

^ analytical continuation of the obtained solution is shown to be a three- 

dimensional generalization of the Kronecker series. It satisfies the corre- 

^-H sponding functional equation and is invariant under modular transforma- 

^ tions. 

^. 1 Introduction 

en 

^ The Bogomolny equation. In the most general formulation the monopole solution 

1-H in the Yang-Mills theory can be defined as the generalization of the Dirac monopole 

> [H [2] in electrodynamics to the non-abelian gauge group. The monopole is a classi- 

k> cal solution in four-dimensional theory invariant under translations along one of the 

5-j coordinates [31 HI El E], [7] . In his famous paper [8] E. Bogomolny suggested a descrip- 

tion of monopoles in terms of the solutions to system of first-order equations in the 
three-dimensional space. In general this space can be replaced by a three-dimensional 
manifold Ai (possibly with boundary) equipped with metric. There is a G-bundle over 
A4, a vector bundle Ey associated with the G-bundle, and an adjoint bundle EndEy 
with the connection A G Q^{Ai, Lie(G')). The Higgs field is the section of the adjoint 
bundle, G Q^{Ai,EndEv)- Then the Bogomolny equations connect the Higgs field 



and the curvature, 

F = ^Dcf>, (1) 

here F = dA + A /\ A is the curvature of the connection, -k is the Hodge operator, D 
is the covariant derivative, oid + Am the adjoint. This system is gauge-invariant, 

A^f-'Af + f-'df, <P^f-'<l>f. (2) 

The Bogomolny equation can be derived from the self-duahty equation F = -kF by 
means of the dimensional reduction. For example, in the work of Kronheimer [3] a 
monopole is considered as an instanton which is invariant under f/(l)-transformations. 
Note that in case G = U{l),Ai = M^ the Bogomolny equation reproduce the Dirac 
equation for monopole. Indeed, applying the D operator to the both sides of Q leads 
to the Laplace equation: 

A(f) = co6^^\r). (3) 

The ^-function in the r.h.s. reflects the wish to consider the solutions which have the 
~ ^ singularity in the given point (which is chosen to be the originiM This solution 
which decreases at infinity is = — . The magnetic field is described with 1)0 = grad0. 

Hecke operators and monopoles. This work was motivated by the results of P] and 
[lOj. In the paper [9J the connection between the geometric Langlands program and the 
four-dimensional Yang-Mills theory compactified to the complex curve C was discussed. 
The results of [9] mean in particular that in case A1 = C x M the emergence of the 
monopole solution to the equations ([I]) can be treated as the application of the Hecke 
operator in the sections of the (holomorphic) bundle Ey = Ey |cx|o} *^^^^ ^- ^^^ ^^^ 
are local complex coordinates on C and y be the coordinate on M. The system ([I]) in 
components is as following: 



d,A-, - 


- d-,A, + [A„ A-, 


= f (9,0+[A„0]), 


dyA,- 


~ Oz-^y ~r -^yi ^z 


= z(9,0+[A„0]), 


dyA, - 


~ OzAy -\- Ay, A^ 


= -i{d-z(P+[A,,(t)\) 



(4) 
Following [TU], the gauge is chosen asF] A^ = 0, Ay = icj). Finally the system becomes: 



dyA, = 2td,<P - 2i [A, 



(5) 



^Also it can be said that the Dirac monopole is the solution to the Laplace equation A^ = on the 
manifold M'^/jO} which has the asymptotic behaviour ^ ~ - in r = and — >■ in r — > oo. 

^The condition A^ = Q fixes not all the gauge degrees of freedom, because the holomorphic gauge 
transformations leave it invariant. The system Q under this condition contains the relation dz[Ay — 
i(f>) = 0. This means that by means of the holomorphic gauge transformations the condition Ay = icj) 
can be satisfied. 



The Hecke operator (or the modification of the bundle) acts in V and changes its 
degree deg V, i.e. adds zeroes and poles to the sections of the determinant bundle det V. 
Consider for simplicity the abelian case on A^ = C x M. Then the holomorphic gauge 
transformation ([2| / = z™, m G Z, acts on the connection as A^ — )■ A^ + — . On the 




other hand, = ^ = /° _ , and (5) implies that the solution for A^ with boundary 
condition AJ^^ = is: 



(6) 



The connection jumps at y = by —2icoK Hence Cq = ^, m G Z, and that cor- 
responds to the 'quantization' of the monopole charge [21 [ID]- In this way we have 
demonstrated the connection between the monopole solution and the Hecke operator. 
In general the modification of the bundle is parameterized by the elements of the coweight 
lattice for the G group [9l [TOl [12]. According to Kronheimer |3j the monopole is the 
instanton in C^ which is invariant under the action of U{1) group. The U{1) action has 
the fixed point zi = Z2 = 0. If the action of f/(l) group is lifted to the G-bundle over 
C^ then f/(l) acts in particular in the fiber over the fixed point and defines the homo- 
morphism f/(l) — !■ G, or cocharacter of G. Hence the action of the U{1) group which 
makes the reduction from the instanton to the monopole generates the set of coweights 
defining the modification [9l [TOl [12] . 

Hitchin systems and monopoles. In the N. Hitchin's approach to the integrable sys- 
tems pjj the latter naturally arise on the moduli spaces of the holomorphic bundles. 
The modification changes the degree (or more precisely the characteristic class [T^) of 
the bundle and connects systems of different types, such as for example Calogero sys- 
tems and Euler- Arnold top [13]. In the case of the moduli space for flat connections 
similar results provide connection between different non-autonomous generalizations of 
the Hitchin systems which are non-linear equations of the Painleve type [H]. The con- 
nection between monopoles and modiflcations suggests that there exists a non-abelian 
solution which connects the parameters of the systems at boundary (at y = ±cxd). A 
certain class of the non-abelian is known. For example the Nahm construction [15] al- 
lows to solve the Bogomolny equations for the SU{N) group. One else possible way 
is to use the methods of the soliton theory [3]. The Bogomolny equation can be rep- 
resented as a zero curvature condition for some differential operators in the same way 
as the Yang-Mills-Higgs equation |TS]. However the explicit construction of non-abelian 
solution with the desired asymptotic behaviour is not known. 

The aim of the paper. The current paper suggests a generalization of the result 
obtained in p^. In that paper the authors considered the scalar Bogomolny equation 



on the E^xM manifold, where S,- is the eUiptic curve reahzed as a quotient of the complex 
plane C modulo the period lattice F^, which generates the fundamental parallelogram. 
In the current paper the scalar Bogomolny equation is considered on the T^ x M and T^ 
manifolds. The aim is to describe the Green function on these manifolds and to study 
their modular properties. While investigating the solution on the three-dimensional 
torus it is convenient not to fix the holomorphic gauge. We begin with describing a 
periodic Green function for the Laplace equation on T'^. To do so, we realize T^ as 
M^/Fs where F3 is a three-dimensional lattice generated by 7^, i = 1,2,3 vectors. Then 
the solution to the given problem is equivalent to the solution of dsl) on M^ with the 
following boundary condition: 



0(x + 7) = 0(x), 7GF3. (7) 



The (5-function is the sum of characters of the lattice group F3 (39) 



H^) =^ X3 (x, n) . (8) 

n6Z3 

Averaging gives the following solution: (x) = cq Yl ig! ^1 • However this series di- 

76r3 
verges. To regularize the series, we introduce the parameter of the analytical continu- 
ation. Consider the generalized Laplace equation with the pseudo-differential operator 
A^* and the corresponding Green function: 

A^Vs (x) = Co5 (x) , where 0^ (x) = 00^^ 7^- — rj. (9) 

7er ' ' ' 



We also introduce the metric M^M in the Laplace operator (in the case dsl) the metric 
is Mij = Sij) A = d'^ (M~^) M~^d, where d = {di, 82, d^) and consider quasi-periodic 
boundary conditions: 

i?3 (s, M,x + 7,, t) = e-2-^(-"'-«')i?3 (s, M, x, t) , (10) 

where di are the generating vectors of the dual lattice and w G 517(3, Z) parameterizes 
quasi-periodic boundary conditions. Then the solution to the equation ^ with the 
boundary conditions (10) is the following: 



, . ^^X3[n,q X3[n,L 

RJs,M,x,q =co V \ i =co>] ,,^ , ^^, ^,.,.T^- , ,r^NN^ ' (11^ 
^ ^ nt^3 l^ + ^l ^J{x^ + nTL3)MM^{x + Lln)) 



where n = wn and L3 is the matrix of the lattice (43). Using the definition of the 
F-function, we represent (11) in the integral forr^ 



The main result of the current work is 



Co 



E 



dt 



s -t|x+7U 



-fe 



X3{n,n . 



(13) 



Theorem. The expression (11) gives the Green function of the generalized three- 
dimensional Laplace equation l^ with quasi-periodic boundary conditions (10), which 
satisfies the following functional equation: 



R3{s,M,x,^ 



r(s)detL3M 



-27TixT LZ'' ( L^) 



^Rs{^-s,{LlLsy'M,lx] (14) 



and is invariant under modular transformations generated by the elements of the double 
coset SL{3, Z)\SL{3, R)/S0{3, M) . 

The proof follows from Lemma 1 and Lemma 2 given below and the results of the 
section 3 about modular transformations. We find the Green functions on T^ and pass 
to the limit of T^ x M considered in the work [10] . Note that the acquired Green function 
is the generalization of the Kronecker series by the construction [Ij 



2 Functional equation 



The relation (11) implies that -R3 diverges in the case of s = |, however converges when 



s is large. To provide the analytical continuation of J3 we use the Poisson summation 
formula, 



-fer gerv 



(15) 



Here F^ is the dual lattice, / is the Fourier transformation for /. Due to the integral 



form of ( 13 ) all the integrals in the Fourier transformation are Gaussian and the shape 



to s = 1. 



of the expression after integration is almost the same. This trick allows to obtain the 
analytical continuation from s = ^ 
The function ( 

/2 s,M,e,x 



Lemma l.^lZj The function (12) satisfies the following functional equation: 

2s-l 



5 h (l - s, M-\ f, i] e^"^^. 

detMdet'^La V ' ' 'V 



■^The similar function can be introduced also for two-dimensional torus: 



(16) 



(12) 



It is not a solution to the two-dimensional Laplace equation, but we need it while considering the 
T^ X M case. 



Proof. Consider the Fourier transformation for (12). After Gaussian integration and 
rescaling of t we obtain: 



e 
/ t 






det L2M ^-^ t t 



—2'Kix^ L2 



^2s-1^27rj-; 



M-..)^.,.,...-^.H_l_ . l_i_^,, (, _ ,,,,-. ,.,,„,.,- 






det M det^' L2 



-/2('l-s,M-\f,e)e^"^3:^. (17) 



Poisson formula implies h = h- Hence (16) is satisfied. ■ 

To find the Green function on T^ x M we add a non-periodic coordinate y, 

hont [sZx^y) =coJ2 [dp f ^t^e-<""+""^^)("^+^"")e2™"^^«e-*P'e2-™. (18) 
and use the (17) formula to get the integral equation for Icont'- 



''- (^•«-^' ^) = <s^^"""°'/*^-" (I - ^•^' «• dii;) ■ (^^> 



This case is considered in details in the work |10j . 

Lemma 2. The Green function for the Laplace equation on T^ satisfies the following 
functional equation: 

Proof. 

2^i?^(Li^)-'x 2^«^L3-iL3VTf ^ _ 1 -2^ix-rL^^Lr^ 

^ ^ det L3M detLsM'^O^ 

^^ ^3 J ^t- (E)i e-'r(?*'-^^^3)(L3~^(ii^)">^^A<i3-'(in"')(5'-ir-)g2™^LV^x ^ 

-/3(|-s,L3i(Li^)"'M,f,f 



t \t . 



TT 2 e 



detLsM 



(21) 



Once more applying the Poisson formula we obtain (20). 



-L/o ^'\ 



ab 



We follow how the passage to the limit c — )■ oo changes the functional equation (20) 
into the integral one (19). For convenience we take c^ = Cy = 0, M = 5ij and transform 
L^ —7- W2L^ (see. (46)), using the freedom of the definition of the n vector. Then 




ab 







^ and (21) has the following form: 



hont \s,i,x] = lim <Co 

c-s>oo I det L2C 






^2 e 



SEE' 



,27ri5 



n k 



dt 



-t^-'e 



E^E 

k n 



t (5-^+^T^^) (^-1^.^^^) 2nin^LrL- ^ iC+kcf 



r-'iS 



lim < Co 



vr 2e 



-rp __ 

.3 _ 27rt j„> r 



det'^-^Lo 



(it .3 

7 



e "2 ^e c' 



Co 



act ho 



det^^-^La 



5^ / rfW -t^^e- 



((C^+rjTi^) (f+L2n) 27rm^L^Tg" - 5^^ 27ri^p 



7r2--ie'"'a^^ ^ f dt 



co- 



det'^-^ L2 



y^ / ^^i-«g-t(€^+n^i2)(f+i2n)g2™^LVT|'^_j^^2dgt2i^^ ^^3) 



Here the three-dimensional parameter ^ is written as the two-dimensional vector ^ 
and the coordinate along the non-periodical axis C,. We also pass to the hmit Is — )■ Icont- 



^cont \ s, f, X ) = Co lim V" V" 

n k 

Co lim > > / — 

n kc 



^^Sg-t(x'r+n^L2)(x+L|^n)g27rm^L^r|*g-t{2+fcc)2g27rji^ 



^^C I" d^^s^-t[5F+n'rL2){x+Lln)^2ninTL)i'ri^-t(z+kcf^2T,ijjkc 



^2mpy 



coYl /dp /"yt^e-<^^"+"^"^^)(^^+^^")e2™"^^^%-*^^e^ 

n 

coj^l -t^e-*(^'^+"^^^) (^"+^i^") e2™^Lrf e- i^y^ . (23) 



Here we cannot use the Poisson formula 1 = 1 literally because there is no lattice in the 
z direction. This means that we actually have performed an extra Fourier transformation 



along p while computing (21) in the limit c — )■ oo. Taking this into consideration and 



putting (22) and (23) together we obtain the integral equation, 



dpIcont{s,^,x,p)e 



-2iTipy 



p dct L2 



TT 



2s-l 



vr det L2 det 



2s-5 



'■cont 



-s,x,^,ydetL2 . (24) 



The factor 



1 



/Trdet L2 



arises from the inverse Fourier transformation. We substitute 



s — )■ ^ — s. Then, 



^cont 



s,^,x,y 



e 



det^^-^L 



^-"^^•^^ /rfp/eon.(^-.,f,e — 



det Lc 



(25) 



This expression coincides with (19). Thus we have obtained a well-defined expression 



for the Green function of the Laplace equation on the three-dimensional torus. 



^\x,C 



-2TTixTL-'aT^ 



E 



27rm^L^^x 



e + n^L, 



mr^Y 



i + Lln 



(26) 



3 Modular properties 



3.1 Complex case 

Consider the transformation of the Green function on the three-dimensional torus under 
the action of the element from the S'L(3, Z)\5'L(3,M)/S'0(3,]R) coset. The 5*^(3, Z) 
group acts as modular transformations of the T^ lattice. The 5*0(3, M) group allows to 
choose an orthonormal basis for the lattice vectors, i.e. in our case to transform the 
matrix to lower triangular form. For example consider the action of an element of the 
double coset 5L(2,Z)\5L(2,M)/50(2,M) on the Green function on T^ x M. We write 
the non-regularized solution in the complex form. Let a = 1, t = hx + ib, and the lattice 
vectors 7 = n + mr. The area of the elementary cell is S" = Imr. Then the formula for 



the character (40) can be written as: 



X(7,0 = exp|- (7^-7^ 



TT 



(27) 



and the expression (11) has the following analogue: 



R{s,^,w,y) = Co^ 



x{i,0 



{{ySY + \w + ^\'y 



{2i 



To study the modular properties of the solution (28) it is sufficient to see how it 



changes under the transformations r — )■ r + 1 and r — > — 1/t. In the first case the 



summation over n in the solution (28) is shifted: n ^ n + m. Hence the solution 



remains invariant. In the second case the transformation acts a bit more complicated, 



s_ 

rf ' 



exp{|'"(7e-'70}^exp{|(( 

{psy 



m) T^ 



\w 



7p^4 



nr 

2 

^—S] + \wT + nr 



riT — m]T. 



m\ 



f)} 



(29) 



Summing over nr — m instead of n + rriT we find 



1 ^^1 p 

R{7,,^,'w,p) -^ VTTR{-,T^,rw,^=). 
I I y/rr 

To understand how the connections are transformed we substitute \frf(i) ( rz, rz 



(30) 



instead of (z, z^y) in the Bogomolny equation Q. For the system to remain invariant 
the following substitutions are needed: 



A;,{z,z,y) -^ tA^ (Tz,fz 
Ag{z,z,y) -> tAs [Tz,fz 
Ay{z,z,y) -^ 



rr^y 




(31) 



Hence the connections A^dz, Azdz, Aydy are invariant under modular transformations. 
The modular-transformed solution could be expected to differ from the initial one by 
the gauge, but it is not so: the invariance of the solution means implies the absence of 



the holomorphic function satisfying the quasi-periodicity condition (10). 



3.2 Three-dimensional case 

To understand how the solution is transformed under the action of the modular group we 
consider the transformation of the lattice and character matrices. The left action of the 
S'L(3, Z) generators on the lattice matrix L permutes the rows of the matrix and changes 
their signs; therefore L ceases to be lower triangular. Right action of the 5*0(3, M) allows 
to make L lower triangular and multiplication by a constant allows to restore the a matrix 
element in the upper left angle. This procedure for the two-dimensional case is depicted 
in fig.[lj 

Hence L transforms as following: 



L -^ —WiLOi, O, e S0{3,R), at e 



(32) 



Using (32) and (42) we derive the transformation law for the dual matrix: 



L^ — )■ anWjL^ Oj. 



(33) 



Xr) ^ 



-r,l) 



-^ 



TT ' \J TT 



-)■ 



1 
K. b 



— ;■ 



-6, -b 
1 



-)■ 



^M+¥ 

bx b 



— > 



V^i+fc" Vf>'i+b\ 





6 



Figure 1: The modular transformation of a pair of vectors in complex and matrix forms. 



The modular transformation of the solution (11) in general can be expressed through 



Co 






^2TTin^L'^S, 



{{x^ + n^L) MM^ {x + L^n))' 



-)■ 



CoJ2 



^, {{xT + uTw^Llp,) MMT [x+ lpjLTwJn)y 



Co 



^2s^2-KiVTL'^i^a,0,i) 



^s (((«^^Ori) + u^L) OiMMTQj ((a.O.f) + LTp))' 



V = wjn, (34) 



Hence, 



R{s, M, X, 0""' = afR{s, OiM, aiOiX, aiOi^). 



(35) 



We compute Oj and Oj for all Wj. Wi and w^ shift the summation (similarly to r — )■ r+1 
in two-dimensional case): the first one corresponds to the shift n ^ n + m, the second 
one corresponds to the change of signs of m and k. So wi and w^ don't change the 
solution. W2 acts more complicated: 



a 0^ 
6^ b I ^ 

I Cx Cy C ; 



a;2 



1 0\ /a 

-10 

1^ 

1 1 



bx b 



( ^^= — 1^= o\ 

b bx n 

1 



V 



b^^bl 

~ab. 












"2 ^fe^Tfef \^^^^ ^ ^^^^ ^^^^ _ ^^^ cv/PTfef 



(36) 



So a;2 



A/fc^+feJ ^ |72i 

a l7i| 



and O2 = T^ where a = Z(7i, 72). Here T" is a rotation matrix 



10 



around z axis by a angle. In the case of w^ matrix the expression for the rotation matrix 
is quite bulky. We write O4 as a composition of three matrices: 

O4 = T'^T^yTl (37) 



a = Z(7i,73), /3 = - -Z(73,z), tan7 = sin/3cot Z(72,73), 04=] — r- (38) 
^ l7i| 

Modular transformations multiply the solution by a constant which in the correspond- 
ing basis of 5^(3, Z) is a ratio of lengths of the lattice vectors. Substituting the trans- 
formed solution into ^\ we derive the invariance of the connection under modular trans- 
formations. 
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4 Appendix 

The character of the torus is the multiplicative periodic function on the plane. Its periods 
are the generating vectors of the lattice, 7^ G F^,: 

X(72,^) = l- 
In general this function is expressed through the vectors of the dual lattice: 



X {x, n) = exp {2711 {xa)} , (aaj) = 6ij. (40) 

Here a^ are the generators of the dual lattice. Introduce the matrices of the lattice 
and the dual lattice, 



7 = L ■ fi, 7 G Fd, n eN 

a = L^ -n, -feT^, neN 



V . ^ ^, c FV ^ ^ T^d (41) 



where d is the dimension of the manifold. The matrices of the dual lattices can be 
found from the expressions: 






11 







/ ^ 


, \ 






/ be 










1 





b \ 




1 








lX = 








, lX = 




—bxC 


ac 





2 


ah 


,-a 


-KJ 


' 6 


abc 


\bxCy - bcx 


-acy 


ab 



For calculations we need the explicit form of these matrices. Choose the lattice ma- 
trices in the lower triangular form, 

I I), L,= U b , (43) 

\Cx Cy C I 

Write the matrices of the dual lattices, 



(44) 



The generators of 5^(3, Z) can be chosen as follows [20] : 

/I 1 0\ / -1 \ /O 1 0\ /I 

t/=oio,p=-i o,g=oo 1,0=0-1 o| (45) 

\0 1/ \0 -1/ \1 0/ \0 -1. 

It is more convenient to use another choice of the generators, 

1 o\ /o r 

wx = U, w2 = P0=\-\ , W3 = O, w^ = POQ =0 -1 I . (46) 

^001/ \1 0, 
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